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1. Introduction 

Arithmetic operations on fuzzy numbers had been developed by Moore [15] according to the extension 

principle based on interval arithmetic.  In [19], Abbasband has introduced a new approach for ranking of 

trapezoidal fuzzy numbers based on the rank, mode, left and right spreads at some-levels of trapezoidal fuzzy 

numbers.  

The maximum flow problem is one of basic problems for combinatorial optimization in weighted directed 

graphs. In the real life situation very useful models in a number of practical contexts including communication 

networks, oil pipeline systems, power systems, costs, capacities and demands are constructed by the base of 

maximal flow network problem. In [7], Fulkersonhad provided the maximal flow problem and solved by the 

simplex method for the linear programming. The maximal flow problem has been solved by Ford [11] using 

augmenting path algorithm. This algorithm had been used to solve the crisp maximal flow problems [9], [13], 

[16].  Fuzzy numbers represent the parameters of maximal flow problems . It is noted that, K. Kim and F. Roush 

are the first introducer on this subject [10].  Chanas [20-22] had approached this problem using minimum costs 

technique.  An algorithm for a network with crisp stricter was presented by Chanas [20]. In [21],itis discussed 

that the flow is a real number and the capacities have upper and lower bounds.  In [23], the integer flow had 

been studied and an algorithm had been proposed. Interval-valued versions of the max-flow min cut theorem 

and Karp-Edmonds algorithm was developed by Diamond [2]. Some times, it arises uncertain environment. The 

network flow problems using fuzzy numbers were investigated by Liu [25].  Generalized fuzzy versions of 

maximum flow problem were considered by Ji [27] with respect to arc capacity as fuzzy variables. An algorithm 

to find fuzzy maximal flow between source and sink is proposed by Kumar et al. [3] with the help of ranking 

function. 

The objectives of this paper to stimulate the inclusion of trapezoidal fuzzy numbers in applied engineering 

and scientific problems by extending the concept of traditional algebra into fuzzy set theory, which is described 

by Bansal [1]. In this paper, we propose an algorithm by modifying an existing algorithm [3] to find fuzzy 

maximal flow between sources and sinks by representing all the parameters considered as generalized 

trapezoidal fuzzy numbers. To illustrate the algorithm, a numerical example is solved. If there is no uncertainty 

about the flow between source and sink then the proposed algorithm gives the same result as in crisp maximal 

flow problems. But when we face same rank, we apply divergence function for selected maximal flow path. In 

Abstract: A flow network is a directed graph where each edge receives a flow and has a capacity.One of 

the applications to network-flow is labeling algorithm. Labeling techniques algorithms are used to solve 

wide variety of network problems, such as shortest-path problems, maximal-flow problems, general 

minimal-cost network-flow problems and minimal spanning tree problems. In 2010,Kumar et al., proposed 

an algorithm to find the fuzzy maximal flow network between source and sink with generalized trapezoidal 

fuzzy numbers with only rank. But sometimes ranking function fails for choosing the path of the flow. To 

avoid this drawback, divergence functions are to be used. This paper proposes an algorithm for getting 
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section 2, some basic definitions, rank and divergence function and arithmetic operations for interval and 

generalized trapezoidal fuzzy numbers are discussed. In section 3, we propose an algorithm for solving fuzzy 

maximal flow problems. In section 4, a numerical example and results are given. Finally, conclusion remarks 

are made in section 5.  

 

2. Preliminaries 
In this section some basic definitions, ranking function, divergence function and arithmetic operations are 

presented. 

 

Definition 2.1 [14]:Fuzzy set defined on the set ℝ of real numberswith membership function of the form 

𝜇:ℝ →  0,1  is called fuzzy number if the following axioms are satisfies: 

 𝜇 must be normal fuzzy set i.e. there exist 𝑥 ∈ ℝ; 𝜇 𝑥 = 1 

  cut,  𝜇𝛼  must be closed interval of real number, for every 𝛼 ∈  0,1  

 The support of 𝜇 must be bounded and compact, that is  𝑥 ∈ ℝ;  𝜇 𝑥 > 0  is bounded and 

compact.  

Throughout this paper, we write fuzzy number 𝐹𝑁. 

 

Definition 2.2 [24]: A fuzzy number 𝐴 =   𝑎, 𝑏, 𝑐,𝑑   is said to be a trapezoidal fuzzy numbers if its 

membership function is given by  

𝜇 𝑥 =

 
  
 

  
 

0 ; −∞ < 𝑥 ≤ 𝑎
𝑥 − 𝑎

𝑏 − 𝑎
; 𝑎 ≤ 𝑥 < 𝑏

1 ; 𝑏 ≤ 𝑥 ≤ 𝑐
𝑥 − 𝑑

𝑐 − 𝑑
; 𝑐 < 𝑥 ≤ 𝑑

0 ; 𝑑 ≤ 𝑥 < ∞

  ,       where 𝑎, 𝑏, 𝑐,𝑑 ∈ ℝ 

Throughout this paper, we denote trapezoidal fuzzy numberby 𝑇𝐹𝑁. 

 

Definition 2.3[24]: A fuzzy number 𝐴 =   𝑎, 𝑏, 𝑐,𝑑;𝑤   is said to be a generalized trapezoidal fuzzy number if 

its membership function is given by 

             𝜇 𝑥 =

 
  
 

  
 

0 ; −∞ < 𝑥 ≤ 𝑎
𝑤 𝑥 − 𝑎 

𝑏 − 𝑎
; 𝑎 ≤ 𝑥 < 𝑏

𝑤 ; 𝑏 ≤ 𝑥 ≤ 𝑐
𝑤 𝑥 − 𝑑 

𝑐 − 𝑑
; 𝑐 < 𝑥 ≤ 𝑑

0 ; 𝑑 ≤ 𝑥 < ∞

        where 𝑎, 𝑏, 𝑐,𝑑 ∈ ℝ and 𝑤 ∈  0, 1  

Throughout this paper, we denote generalized trapezoidal fuzzy number by 𝐺𝑇𝐹𝑁 

. 

2.4 Arithmetic Operations 
In this subsection addition and subtraction of two GFTN are defined. 

Definition 2.4.1[10]: Let 𝐴 =   𝑎1 , 𝑏1 , 𝑐1,𝑑1;  𝑤1   and 𝐵 =   𝑎2, 𝑏2 , 𝑐2,𝑑2;  𝑤2   be two GFTNs,  then 

 𝐴 + 𝐵 =   𝑎1 + 𝑎2 , 𝑏1 + 𝑏2, 𝑐1 + 𝑐2 ,𝑑1 + 𝑑2; min 𝑤1 ,𝑤2    

 𝐴 − 𝐵 =   𝑎1 − 𝑑2 , 𝑏1 − 𝑐2, 𝑐1 − 𝑏2 ,𝑑1 − 𝑎2; min 𝑤1 ,𝑤2    
 

2.5 Ranking function 

A convenient method for comparing fuzzy numbers is to use ranking function. A ranking function ℜ:𝐹 ℝ → ℝ 

maps each fuzzy number in to a real number, here 𝐹 ℝ  is set of all fuzzy numbers defined on ℝ. 

Definition 2.5.1[26]: Let 𝐴 =   𝑎1 , 𝑏1 , 𝑐1,𝑑1;  𝑤1   and 𝐵 =   𝑎2, 𝑏2 , 𝑐2,𝑑2;  𝑤2   be two 𝐺𝑇𝐹𝑁𝑠,  then   

ℜ 𝐴 =
𝑤1 𝑎1+ 𝑏1+ 𝑐1+ 𝑑1 

4
   and   ℜ 𝐵 =

𝑤2 𝑎2+ 𝑏2+ 𝑐2+ 𝑑2 

4
 

If ℜ 𝐴 > 𝑅 𝐵  then we say 𝐴 ≻ 𝐵 

If ℜ 𝐴 < 𝑅 𝐵  then we say 𝐴 ≺ 𝐵 
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If ℜ 𝐴 = ℜ 𝐵  then we say 𝐴 ≈ 𝐵 

2.6Divergence function 

When two GFTNs A and B are such that 𝐴 ≈ 𝐵 with respect to ranking and mode function, we apply divergence 

function for maximum flow position. A divergence function 𝐷:𝐹 ℝ → ℝ maps each fuzzy number into a real 

number, here 𝐹 ℝ  is set of all fuzzy numbers defined on ℝ. 

Definition 2.6.1[4]: Let 𝐴 =   𝑎1, 𝑏1 , 𝑐1 ,𝑑1;  𝑤1     and    𝐵 =   𝑎2 , 𝑏2, 𝑐2 ,𝑑2;  𝑤2   be two GFTNs, then 

𝐷 𝐴 = 𝑤1 𝑑1 −  𝑎1 and 𝐷 𝐵 = 𝑤2 𝑑2 −  𝑎2 . 
 

3 Proposed Algorithm 
The normal form of trapezoidal fuzzy numbers had been used by various papers for solving real life problems 

[12-15]. In this section, we propose an algorithm for solving the fuzzy maximal flow problems. In order to 

propose the algorithm, we first modify  the maximal flow network problem by using GFTN. For network flow, 

to find fuzzy maximal flow between sources and sink for GFTN, we follow [8, 9, 28] . The fuzzy maximal flow 

algorithm is based on finding breakthrough paths with net positive flow between the source and sink nodes. 

Consider arc  𝑖, 𝑗  with initial fuzzy capacities  𝜇𝑐𝑖𝑗  ,   𝜇𝑐𝑗𝑖   and fuzzy residuals capacities 𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖  . For a 

node 𝑗 that receives flow from node 𝑖, we consider a label 𝜇𝑎𝑗  , 𝑖 , where 𝜇𝑎𝑗  is the fuzzy flow from node 𝑖to 𝑗. 

The steps of algorithm for GFTN are summarized as follow: 

Step 1: For all arcs  𝑖, 𝑗 , set the residual fuzzy capacity is equal to initial fuzzy capacity, that is, 𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖  =

 𝜇𝑐𝑖𝑗  ,   𝜇𝑐𝑗𝑖  . Let 𝜇𝑎1 =   ∞,∞,∞,∞; 1   and label the source node 1 with   ∞,∞,∞,∞; 1  , _ . Set 𝑖 = 1, and go 

to step 2. 

Step 2:Determine 𝑆𝑖 , the set of unlabeled nodes 𝑗 that can be reached directly from node 𝑖 by arcs with positive 

residuals capacity, that is, 𝜇𝑐𝑖𝑗  is non-negative fuzzy number for each 𝑗 ∈ 𝑆𝑖 . If𝑆𝑖 = ∅, then go to step 4, 

otherwise go to step 3.  

Step 3:Determine𝑘 ∈ 𝑆𝑖  such thatmax𝑗∈𝑆𝑖 ℜ 𝜇𝑐𝑖𝑗   = ℜ 𝜇𝑐𝑖𝑘 .Set 𝜇𝑎𝑘 = 𝜇𝑐𝑖𝑘  and label node 𝑘 with  𝜇𝑎𝑘 , 𝑖 . 

If 𝑘 = 𝑛, the sink node has been labeled, and a breakthrough path is found, then go to step 5. Otherwise go to 

step 2. Again, ifmax𝑗∈𝑆𝑖 ℜ 𝜇𝑐𝑖𝑗    is more than one fuzzy flow, then we apply divergence test for maximal flow 

according to maximal flow arc tested. 

Seep 4:If𝑖 = 1, no breakthrough possible, then go to step 6. Otherwise, let 𝑟 be the node, that is labeled 

immediately before current node 𝑖 and remove 𝑖 from the set of nodes adjacent to 𝑟. Set 𝑖 = 𝑟 and go to step 2. 

Step 5:  Let 𝑁𝑝 =  1, 𝑘1 ,𝑘2 ,……… ,𝑛 . Define the nodes of the𝑝𝑡ℎbreakthrough path from source node 1 to sink 

node 𝑛. Then the maximal flow along the path is completed as 𝜇𝑝 = min 𝜇1, 𝜇𝑘1
, 𝜇𝑘2

,……… , 𝜇𝑛 . The residual 

capacity of each along the breakthrough path is decreased by 𝜇𝑝  in the direction of the flow and increased by 𝜇𝑝  

in the reverse direction, that is for nodes 𝑖 and 𝑗 on the path, the residual flow changes from the current 

 𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖   to 

Case 1: 𝜇𝑐𝑖𝑗 −  𝜇𝑝 ,𝜇𝑐𝑗𝑖 + 𝜇𝑝  if the flow is from 𝑖 to 𝑗 or else 

Case 2 : 𝜇𝑐𝑖𝑗 + 𝜇𝑝 ,𝜇𝑐𝑗𝑖 − 𝜇𝑝  if the flow is from 𝑗 to 𝑖. 

 

3.1 Step 6: In the step we will determine flow and residue. 

 

3.1.1 Given that total number of breakthrough paths are m. Then we get total flow of a network by 

determining: 𝐹 = 𝜇1 + 𝜇2 + 𝜇3 + ⋯+ 𝜇𝑚 , where m is the number of iterations. 

 

4 Illustrative Example 
In this section the proposed algorithm is illustrated by solving a numerical example. 

 

 

 

 

 

 

 

 

 

 

Figure: 1 
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Example:  Consider the network shown in the figure 1. We will find out the fuzzy maximal flow between 

source node 1 and destination node 5.  

 

Iteration 1 and 2 :(Residue Network) 

 

 

 

 

 

 

 

 

Iteration 3 and 4: (Residue Network) 

 

 

 

 

 

 

 

 

 

Flow direction after end of iteration:  

Using the initial and final fuzzy residuals of arc  𝑖, 𝑗  as  𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖   and  𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖        respectively,       

the fuzzy optimal flow in arc  𝑖, 𝑗  is computed as follows:  

 

For  𝛼,𝛽 =  𝜇𝑐𝑖𝑗 − 𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖 − 𝜇𝑐𝑗𝑖  , ifℜ 𝛼 > 0, then  fuzzy optimal flow from 𝑖 to 𝑗 is 𝛼. 

Otherwise, if ℜ 𝛽 > 0, then the fuzzy optimal flow from 𝑗 to 𝑖is 𝛽. 

 

Remark 1:Set the initial fuzzy residual  𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖   equal to the initial fuzzy capacity  𝜇𝑐𝑖𝑗  , 𝜇𝑐𝑗𝑖  . Input of all 

flow from the given network according to Mathematica:  

Remark 2: First four entries of each vector represents trapezoidal fuzzy number and fifth entry is value of 𝑤 for 

GFTN. We have used “,” in replace of “;” for calculation in Mathematica. Also we have used “{}” in replace of 

“[[ ]]” for fuzzy number to calculation in Mathematica. Any bold Mathematica texts are input and other texts are 

output.  

Remark 3: Mathematicaprogram scripts are not shown in the text(shown in appendix). 

Initiallythe mathematicaprogromnagpath[F_] is used forupdating to arc, direction of path selection of 

augmented path according to rank and divergent, maximal flow along the path which is breakthrough 

path and update residual flow to each path.Secondly the mathematicaprogromfdir[OF_,NF] is used for 

calculating total flow and  selecting flow direction. 

Remark 4: Outputs are as follows: 

Initial flow [[-5, 10, 37, 45; .6]] from node 1 to node 2,  [[0, 13, 19, 29; .5]] from node 1 to node 3 [[5, 14, 27, 

41; .6]] from node 1 to node 4 and other nodes are not directly connected with node 1 which is mentioned 

by [[0,0,0,0,0]] .Finally it is found the following: 

 
Sum of any flow are zero for the source node 1.i,e the further improvement is not possible. 

 

5 Results and Discussion: 
In this section, we will shortly explanation our result for the above numerical example. We have found the 

fuzzy maximal (optimal) flow 𝐹 =   0, 37, 83, 115; 0.5  . From this result we can take the decision that the 

amount of flow between source and sink is 0 and 105 unit. We also can take the decision about the 
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statement that the maximal flow will be 37 to 83 unit is 50%. The decision making for the reaming amount 

of flow can be obtained by 

 

 

 

 

 

 

 

 

 

 

 
 

5. Conclusion 
In this paper, we have proposed an algorithm for solving the fuzzy maximal flow problems occurring in real life 

situation and have shown that the flows are represented by using generalized trapezoidal fuzzy numbers. In [5], 

Kumar and Kaur have solved fuzzy maximal flow problems using generalized trapezoidal fuzzy numbers but 

they have applied only ranking function for maximal flow path. In the our proposed algorithm of the paper, we 

have used ranking function and divergence function when ranking function fails for choosing the path of the 

flow. In future, we can solve the other network problems such as one way traffic flow, gas flow and liquid flow 

etc. by extending the proposed algorithm.  
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𝜇𝐹 𝑥 =

 
  
 

  
 

    0        ; −∞ < 𝑥 ≤ 0
𝑥

74
     ; 0 ≤ 𝑥 < 37

0.5    ; 37 ≤ 𝑥 ≤ 83
115 − 𝑥

64
; 83 < 𝑥 ≤ 115

0       ; 115 ≤ 𝑥 < ∞
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Appendix: 

Mathematica program for breakthrough path and total flow calculation according to rank and 

divergence; also residual capacity calculation: 
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Mathematica function for finding flow direction: 
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Using Mathematica program have calculated step 1 to 6 and network updating: 

Input: 

   
Output:  
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Input:  

  
Only short outputs have been shown. 

 
Input:  

  
Only short outputs have been shown 

 
Input: 

  
 

Output: 
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Using Mathematica program we have found flow direction: 

Input:  

   
Output:  

 
 

 


